Internship report

Defensive sampling in Monte Carlo rendering

Hubert-Brierre Pierre

Supervised by
Iehl Jean Claude

Computer science department
University Claude Bernard Lyon 1

ENS DE LYON



— LIRIS
LN | . -
ENS DE LYON

Contents
1_Abstract 2
1.1 Englishl . . . . ... 2
1.2 Francais| . . . . . . . e 2
2__Introduction| 3
2.1 Lifeatlaboratoryl . ... ... ... . . . .. 3
2 CONIEXT - -« « v o e e e e e e e e 3
[2.3 Symbols and Notations|. . . . . ... ... ... . ... . 4
[2.4 Structureofthereport] . . ... .. ... . ... . ... ... 4
2.5 Methodology|. . . . . . . . . . e 5
[3 Key Concepts| 6
3.1 Raycasting]. ... ... ... ... ... e 6
[3.2 Lightequation|. . . . . .. ... . ... 6
[3.3 Monte Carlo for integral estimation and importance sampling . . ... ... .. 7
-of-the- 8
4.1 Samplestrategies| . . . . . . . ... e 8
[4.1.1 Uniformsampling . ... ... ... .. ... .. ... ... . ... ... .. 9
[4.1.2 BRDFsampling . ... ..... ... ... . . ... . ... . ... . ... 9
[4.1.3 Lightsampling ... ... ... ... .. . . . ... . . . . . ... . ... 9
4.2  Multiple Importance Sampling| . . . . ... ... ... .. o oo L. 9
....................................... 9
[4.2.2 Optimisationofrn;| ... ... ... ... ... . ... . . . . . . ... ... 11
[4.3 Datagathering. . . . . . . .. . . . .. e 12
[MA31 SDtreel . . .. ..o e e 12
[4.3.2 ExampleofuseforSDtreel. . . . ... ... ... ... .. . ... ...... 13
[4.3.3 Pixelblockl . . . .. ... 14
5 Our contributions| 15
5.1 Large BRDEF . ... ... . .. . 15
BT Tdeal . . . . . oo 15
[b6.1.2 Varianceestimationfaill . . ... ........... .. ... ... .. 16
[b.1.3 Variance estimationsuccessl . .. ... .................... 17
[5.2 Left-Rightsampling. . . . . ... ... .. .. . .. 18
B2 Ideal . . . . oo ot 18
B22 Basi . . o vt 18
2 neralisationl. . . . . . .. ... L 19
[5.2.4 Generalisation failed with the brdf sampler] . ... ... ... ....... 20
6__Conclusionl 22
[Z_Proofs 24
[7.1 Monte Carloproof] . .. ... ... .. ... . ... 24
[7.2 MISProofs| . . . . . . . . e e e e 25
[7.3 Left-Right samplerproofs| . . . ... ... .. ... .. .. ... .. ... ... ... 29

Pierre Hubert-Brierre Defensive sampling August 10,2023 1



ENS DE LYON

1 Abstract

1.1 English

Usually, to render an image using a Monte Carlo process, we cast many light rays in the
scene using several algorithms to generate thoses rays. Some algorithms are very specific,
working very well in certain complex situations, but being awful in more simple ones. Other
algorithms are more general, being correct in every situation. The latter family of algorithms
is called defensive sampling.

In this report we will talk about two defensive strategies. The first one smooths out the
specular lobe to catch more incoming light. The second one estimates if there is more light
on the left or right direction to cast more rays in that direction.

1.2 Francais

Généralement, pour calculer une image en utilisant une méthode de Monte Carlo, on lance
beaucoup de rayons dans la scéne en utilisant divers algorithmes pour générer ces rayons.
Certains algorithmes sont tres spécifiques, fonctionnant exceptionnellement bien dans cer-
taines situations complexes, mais étant plutdt mauvais dans des cas plus simples. D’autres
algorithmes sont plus généreaux, ayant de bonnes performances dans la plupart des situa-
tions. Ces derniers sont appelés échantillonnage défensif

Je vais dans ce rapport aborder deux stratégies défensives. La premieére atténue le lobe
spéculaire pour attraper plus de lumiere. La deuxieme estime la quantité de lumiere venant
de droite et de gauche afin de lancer plus de rayons dans la direction ayant plus de lumiere.
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2 Introduction

2.1 Life atlaboratory

I did my internship at the LIRIS (Laboratoire d’ InfoRmatique en Image et Systémes d’information)

with Jean Claude Iehl as my supervisor. I thank him for the time he gave me. We were seeing
each other several hours per week, discussing my internship, my difficulties and my ideas as
well as some related problems in the computer science field that were not directly linked to
my research but were still cultivating to talk. He was very helpful to me because of his knowl-
edge on the state-of-the-art, giving me papers to read, ideas to explore as well as pointing out
when my ideas had already been explored (It was the case for the most part, it is very hard to
have novel ideas in a field studied in depth for over 40 years).

The lab’s life was very productive, I was in an open space with 8 other interns working
on their own project. This gave me the opportunity to exchange with them and learn a few
things about their methodologies and sometimes ask how they would solve my problems to
open my eyes on some concepts that I might have missed. Especially with Pacome, another
intern that worked on the same subject as me with another approach.

Furthermore, I could easily talk to everyone in the lab. This was particularly useful when I
had the hint of an idea, I could just ask a specialist about it and he would tell me if it was
worth investigating or not (It was mainly not worth my time).

We also had weekly meetings with the PhD students during which someone explained a sci-
entific article. I have presented a meeting about severals ways to divide a sphere into parts
of equal area. Finally, the proximity with other researchers gave me opportunities. I had the
opportunity to assist two PhD defense and one HDR defense. All those presentations are im-
portant for our productivity. It is useless to search something alone. Just hearing someone
else talking about their project gives you ideas and opens your mind (even if the presentation
has nothing to share with your project, because in truth there is always a common point, the
reasoning, the problem solving, the scientific method).

I was offered with 3 thesis subjects and I could ask for a 3 month internship (which I will start
in October for my final year of studying at the ENS de Lyon)

The laboratory has to close during July. Everyone was working from home during this
time. Hopefully this was not an issue for me as it was only during the last weeks of my in-
ternship. I could focus on writing my report and creating a clean repo for my code so that
the work done by me can easily be accessed by anyone in the future.

2.2 Context

Image rendering is a major problem in today’s industry. Creating physically accurate images
quickly is crucial for several applications such as in :
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e Animated movies : images in movies are very detailed, leading to months of rendering
time. Even an improvement of 1% of rendering time can lead to days of computation
saved.

* Video games : faster rendering for a video game allows for more details in the images
and better visual effects.

e Advertising : Most online products sold are presented with a picture, usually rendered
using a 3D model of the product and a physically accurate rendering engine.

2.3 Symbols and Notations

Here are the different notation used:
e E(X) is the expectancy of some random variable X
¢ V(X) is the variance of some random variable X
e For X a c.rvmeans "For X a continuous random variable"

e For (X;)1<i<n i.i.d means "For (X;)1<;<n c.r.vindependent and identically distributed"

2.4 Structure of the report

My report is structured in a way that makes the comprehension as easy as possible. Every
proof is gathered at the end to allow the reader to focus on the idea explained and not on the
mathematical details of it.

However, keep in mind that the mathematical part of my report is an essential part of my
work. It is crucial for the development process, especially in a mathematical field such as
mine. Having a formula and being able to reformulate, reduce, optimise is necessary to have
a good comprehension on how things work and how to improve them. I spent days working
on equations to progress in my thinking. The mere fact that there is an equation makes the
algorithm possible. The fact that an equation is unsolvable is proof that I'm heading in a
dead end.

Furthemore, without these equations, nobody could ever take back my work and improve
it.

Pierre Hubert-Brierre Defensive sampling August 10, 2023 4
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2.5 Methodology

My internship was divided into two parts.

e I started by studying the state-of-the-art. I implemented several papers to see how
things work, to change parameters, and to try ideas. Overall the time spent doing that
gave me a good grasp on the field as well as an intuition that will help me in my re-
search of novelty. By doing that I understood what was really difficult in my internship,
what was the problem and how did people try to solve it before me.

e The second part of my internship was more experimental, I had two main ideas to
implement, test and tune to make a proof of concept. It is during this part that all the
information gathered when reading papers really helped me, my intuition guided me
in directions that were sometimes improving my work. It does not matter if I failed
sometimes, it was to be expected, as long as I could find one thing that worked, every
failed attempt was a hidden success.

Pierre Hubert-Brierre Defensive sampling August 10,2023 5
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3 Key Concepts

3.1 Ray casting

In computer graphics, to have an image physically accurate, we have no choice but to
simulate the flow of light in the scene. We are doing that by casting rays through the scene
to modelize photons moving from a light source to the camera. Except that we are usually
casting them from the camera to a light source (which is equivalent because of the light re-
versibility principle) for performance issues.

The algorithm consists of casting a ray from the camera through a pixel and making it bounce
in the scene as long as it does not hit a light source.

Figure 1: Nlustration from PBRT book showing the path of a ray in the scene.

3.2 Light equation

The light transport is ruled by the light equation[5]. This equation describes how a light ray
bounces when colliding with something.

Lo(p,wo) = Le(p, wo) +berdf(w,wo)Li(p, w) cos(w-n)dw
With:

* L, the outputted light in a direction

p the 3D point of intersection

wy the output direction

Q all possible direction (the upper hemisphere)

Pierre Hubert-Brierre Defensive sampling August 10, 2023 6
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* w adirection in the hemisphere

brd f(w,wy) the light absorption of the material

L; the inputted light in a direction

* nthe normal direction of the surface at the collision point

L, the emissive light in the outputted direction

It is important to see that the term L; is obtained recursively using this integral at another
intersection point g somewhere in the direction w. This means that there are several re-
cursive integrals to compute each time, making the problem really difficult to solve. This is
why the objective of every monte carlo renderer is to compute this integral as efficiently as
possible.

3.3 Monte Carlo for integral estimation and importance sampling

The Monte carlo integral estimation[9] is a Monte carlo algorithm that approximates the
value of an integral using the following property:

For f a function to integrate over a set (2, for X c.r.v over Q2 with a probability density
function p such that f(x) # 0= p(x) # 0, then:

f (X))
dx
f @ ( (X)
(Demonstration in annexe : [7.1)

This expectancy can be naively estimated by computing the average of N samples (X;)1<i<n
i.i.d of probability density p:

[E(f(X))zl & (X3
p(X)) NS px)

By doing that, the squared error &2 of this method is:

1 X
& = _\/( I ))
N \p(X)
(Demonstration in annexe :

Note: To have an error as low as possible, there are two options.

The first is to evaluate more samples (which can take some time because the error is
proportional to the inverse square root of the number of samples).
The second is to decrease the variance of £ E X; by choosing a "good" function p. The latter
is called Importance Sampling in the literature

Pierre Hubert-Brierre Defensive sampling August 10, 2023 7
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Figure 2:

Estimations of the integral foi cos(x) dx using the formula :

E(N) = +XN, CZ?—%;) ~ [ cos(x) dx with three different probabilities density p (colored curves). Each dot
represents the estimation of the integral using N different samples.

We can see that for a low number of samples, the dots are very sparse, meaning that approximations are not
precise. We can also see that the more alike are the probability density and the integrand, the better are the
approximations (note that the uniform distribution is not the worst sampling strategy here). Finally for the red

curves, all dots are on the same line. The approximation is exact even when using only one sample. This is a

special case where the probability density used is the integrand (cos(x)), leading to a constant ratio %ﬁc’)‘).

4 State-of-the-art

4.1 Sample strategies

As demonstrated before, the choice of the sampling strategy is crucial for the performance
of the monte carlo integration. This is why researchers have been searching for strategies
always more advanced to reduce the variance in the monte carlo integration.

One major problem in the light equation is the complexity of the integrand. A prod-
uct of several independent terms. Because terms are independent, scientists have tried to
efficiently sample those parts separately to increase the efficiency of the algorithm.

There exist two regular ways to measure the performance of a sampling strategy.

* The first is the performance. It measures the error after having cast a certain amount
of light rays.

* The second is the efficiency. It measures the error after having spent a certain time
computing.

The latter, in practice, is the best metric to optimise (people want nice images fast). How-
ever, this metric is hardware and implementation dependent. This is why, sometimes in the
literature, scientists compare strategies by comparing their performances.

Pierre Hubert-Brierre Defensive sampling August 10, 2023 8
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4.1.1 Uniform sampling

By default, we can use a uniform sampling in the hemisphere Q. This is a really simple
strategy, very inefficient in a complex scene. However, its simplicity makes it really quick to
sample and very efficient in simple scenes.

4.1.2 BRDF sampling

A first optimisation is to sample proportionally to the brd f term. This is usually easy
because this term is analytical.
We can even go a bit further and sample a ray proportionally to the product of the brd f
and the cos.

4.1.3 Light sampling

Finally, the last usual sampling strategy used is to sample a direction toward the light
sources directly. This is especially effective because in a lot of scenes, most of the light comes
directly from the light sources. Meaning that the L; term is strong in the direction of light
sources. By avoiding casting rays in lightless regions, we can spare a lot of computation and
time.

4.2 Multiple Importance Sampling

4.2.1 Theory

We have seen some sampling strategies, their strengths and weaknesses. In 1995, Veach
found a way to combine thoses strategies and get the best of all worlds[14].

The idea is to sample each strategy and combine the sample.
In another way, for py,---, p, different strategies, for ny,---,n, € N, We give n; sample to
each strategy for a total of N =}."" | n; samples.

The strength of this technique is that we can do a weighted average of all the samples
to reduce the variance. Because some sampling strategies are more suited to sample certain
configurations, we can increase the weight of samples created by thoses well suited strategies
and decrease the weight of samples created by less interesting strategies.

Pierre Hubert-Brierre Defensive sampling August 10,2023 9
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There are usually two ways to compute the weight of a sample. For a sample w € Q sampled
by the strategy i, we can give a weight w;(w) depending on ¢; = % to this sample:

e The balance strategy: w;(w) = chiﬂ Which is provably good[14].
J

=1 6jpjw)

— (Cipi(W))ﬁ

* The Power strategy : For a coefficient  constant (usually § = 2): w;(w) - 5
i (cjpjw)

Which usually leads to smaller variances.

The new estimator is, for (X; j)1<j<p, i.i.d of density probability p;:

fo(x)dx Z Zw NEAC

= l] 1 l(Xl])

08

= 06

Figure 3:

Example for the balance strategy. Here we are trying to compute the integral of the black curve using Monte
carlo integration. The blue, green and red plots are the result of the approximation using separately either
the blue, green or red probability density. The black plot instead uses the balance strategy to combine those
probability strategies. It's important to see that the balance strategy does not make miracles, if no primary sam-
pling techniques are good to approximate the integrand, the MIS combination of them will have high variance
(fourth plot). However, in some cases the achieved variance is lower than the variance of all primary samplers
(fifth plot).

Of course other weights can work. (and some scientists are working with other weights |4}
10,13]) as long as they respect two criterion:

* pilw)=0=w;w)=0
e flw#0=>Y wilw) =1
(Demonstration in annexe : [7.2)
Note here that, even if w; are weights to compute the average of samples, they do not
need to be positive. In fact Kondapaneni[6] has found the weights that minimize the variance
of such estimators and they can be negative or greater than one. (However, computing those

optimal weights is as hard as computing the light equation, it is not possible to use them in
practice). Furthemore, it is important to see that the MIS strategy does not make miracles. If

Pierre Hubert-Brierre Defensive sampling August 10,2023 10
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no primary estimator is well suited for the integrand, the MIS combination of them will not
be suited either. This is why, during my internship, I focused my work on defensive sampling.
My objective was not to have really good sampler, but to have samplers that are not so bad
in the most possible configuration.

(Demonstration in annexe :

4.2.2 Optimisation of 7;

From now on we will only consider the Balance heuristic. In this special case, the MIS
estimator becomes:

Lo &)

fo(x)dx~ y Yy LA

l 1j= lp(c Xlr])

with C = (¢;)1<i<n and p(C, X) = ?:1 ¢ipi(X)
(Demonstration in annexe :

Then, the variance of this estimator is:

2

n . 2 -
VB =) f—c’p’z(’”f 0 g i
Nim7\Ja pe(Cx) Ci

With y; = [, wi(x) f(x) dx
(Demonstration in annexe :

The expression obviously depends on the coefficients c¢; and can be minimized by a good
choice of ¢; (this corresponds to giving more samples to some strategies that might be more
efficient in order to decrease the variance). Different methods exist to optimise those coeffi-
cient:

¢ The variance can be minimized through a gradient descent[11].
* We can use heuristics, easier to optimise to try and select goods coefficients[13,12].

e I tried to set the coefficient proportionally to the inverse of the variance of each sam-
pling strategy in order to give more samples to the strategy having the smallest vari-
ance. (this is still an heuristic, but way easier than the current state-of-the-art).

Usually in the literature we only consider two samplers to test a MIS estimator. This is why,
from now on, we will only consider a Balance MIS with only two samplers (a brdf sampler
and a light sampler). Because we have n =2 and ¢ + ¢, = 1, we can parametrise the problem
by @ = ¢; = 1—-c,. A pixel with an a of 1 will only use the brdf sampler, and a pixel with an
a of 0 will only use a light estimator. Furthemore, to avoid degenerate cases, usually people
keep a bound in [7,1 — 7] with 7 = 0.1. In all my results, [ will be using this guard with 7 = 0.1

Pierre Hubert-Brierre Defensive sampling August 10,2023 11
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Figure 4:

The performance and efficiency of different estimators change only the number of samples allocated to each
strategy. The scene in the left (made of four lights of different sizes and four iron blades of different rough-
nesses) was computed using a brdf sampler and a light sampler, combined using the balance MIS strategy.
The gradient descent[13] and the heuristic[11] are state-of-the-art methods. The naive methods simply set
a = 0.5. The inverse variance method sets the coefficient proportional to the inverse of the variance of each
sampler.

One can observe that all techniques are better than the naive method (which is to be ex-
pected). Furthemore, the more efficient method is not a state-of-the-art one but a simple
one. This can be explained for several reasons. First, this method is very simple, which leads
to very quick computation. Secondly, because of omitted details, the two state-of-the-art
methods have to restart estimating quantities each time they update the coefficient a. A
limitation that the other methods do not have. During my internship I kept this in mind, try-
ing to design sampling strategies that do not need to restart estimating things each time they
update themselves.

To use thoses techniques, one need to estimate certain quantities in every point of the
scene and for every incoming direction. This is not achievable in practice. To palliate this,
we usually compute the needed quantities on a per pixel basis. By doing that we assume
that each ray passing through a pixel will intersect the scene at the same point and with the
same incoming direction. This is not far from the truth before the first bounce. However
this assumption does not hold after the first bounce. This is why, to test those methods, we
restrict ourselves to the first bounce.

4.3 Data gathering

4.3.1 SD tree

There exists ways to still use those techniques when computing the full scene with bounc-
ing rays.

The first method is to restrict the use of thoses optimisation techniques to the first
intersection and using a regular, not optimised MIS strategy for each other bounce|8].

Pierre Hubert-Brierre Defensive sampling August 10,2023 12
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The second is to use a spatio-directional tree (SD tree)[7]. This is a 5 dimensional tree
that partitions the 3D scene cubes and the 2D hemisphere of each such cubes. If the cubes
are small enough and the partition of each hemisphere is precise enough, the previous as-
sumption holds and we can estimate our quantities to optimise the coefficient c;. Be careful
though because small partitions will have few rays to estimate quantities, leading to error in
it and wrong choice of ¢;

Keep in mind that those are not miracle solutions, the first solution only allows for one
bounce optimisation. The second solution has a huge memory cost and cannot be as precise
as wanted.

4.3.2 Example of use for SD tree

To better understand what is an SD tree, here is a simple application:
An obvious quantity that we can estimate using a SD tree is the incoming light. By doing that
we can at each bounce either cast another ray to try to compute the incoming light or use
the estimated incoming light stored in the SD tree (or an average of both). This really helps
to compute scenes with indirect lighting. However, this method is biased, which means that
it does not converge to the correct images, but offers noiseless images.

.

| .
(a) The reference scene (b) The coefficient used for bal- (c) The estimated incoming light
ance (in white @ =0, in black a = in each cubes of the SD tree

D

(d) The scene rendered using the (e) The scene rendered using the (f) The scene rendered by esti-
inverse variance heuristic inverse variance heuristic in the mating the incoming light
SD tree

Figure 5: A cornell box light by a strong indirect light toward a reflective ceiling rendered three different
methods (each method with 512 rays per pixels)

Pierre Hubert-Brierre Defensive sampling August 10,2023 13
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4.3.3 Pixel block

There is one final trick that we can use to speed up the computation and have better esti-

mations, gather pixels by blocks. All previous techniques based on the estimation of some-
thing to adapt themself to the scene are greatly improved when gathering pixels together.
Because all estimations suddenly gain 64 times more samples (for blocks of 8 by 8 pixels),
increasing drastically the precision of the estimation.
However, this comes at the cost of having more spread out rays in the same estimators (like
in part[4.3.1). To palliate this problem, one can simply split blocks once they reach a certain
threshold (on the inside error[2], the number of ray cast, ...). This is the topic of this final
method, that manages pixel blocks.

Another benefit from this method is that we can preemptively stop the computation of a
block already noisefree[2] (some pixels are easier to compute than others) to focus on other
blocks. This is called Adaptive sampling and it helps to have a good efficiency in our render-
ings.

(a) The scene rendered using adaptive sam- (b) The blocks at the end of computation
pling (pixel in a same block share the same a)

(c) The «a for each blocks (d) The number of sample per pixel (black is
10 samples, white is 2048 samples)

Figure 6: A scene rendered using adaptive sampling. Notice how the blocks with low variance are bigger and
with less samples in it. It is indeed easier to compute them, so the algorithm stops processing them before
having reduced them to the minimal size.

Pierre Hubert-Brierre Defensive sampling August 10,2023 14
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5 OQur contributions

5.1 Large BRDF

5.1.1 Idea

One of the two major ideas of this internship is based on the fact that, usually for reflective
material (like metals or varnish), the brdf is a very narrow cone in the specular direction.
Meaning that for those materials, when using a brdf sampler, the majority of rays will go
in that direction. if there is no light in that direction, the estimator will suffer from a high
variance. However, if the rays are nearly missing the light when using the brdf sampler, we
can use the sampler of a brdf slightly less reflective material (a larger brdf) which will cast
rays in a bigger cone in the specular direction and will hit the light more often, reducing the
variance. (We are only changing the sampler associated to the material, not the material
itself so the final colour will be the same).

(b) The attenuation of reflectivity that min-
imizes the variance. (From 1 in black to 256
in blue)

(a) The scene rendered

(d) The variance of each pixel using the clas-

(C) The variance of each pixel using the brdf sic brdf sampler.

sampler of a material 256 time less reflective

Figure 7: A simple scene rendered using different attenuations of reflectivity. As you can see, overall the best
option is to not change the material reflectivity, however a closer look at the border of the light reflect shows
that for some pixels, changing the reflectivity leads to a variance reduction.

Pierre Hubert-Brierre Defensive sampling August 10, 2023 15
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Fortunately for us, the variance of a pixel is just an integral computation that we can esti-
mate using the monte carlo integration:

For a brdf sampler (or any sampler on the hemisphere) p and the associated estimator

Ep(X) = % (with X a c.r.v of probability density p), for f the integrand of the light equa-

tion3.2Jand p = [, f(w) dw, we have:

f(w) f
V(E,) = —_—— d
(Ep) ﬁimm K| pldw

(Demonstration in annexe :[7.2)
Which, by introducing another sampler on the hemisphere g can be written and esti-
mated as:

fl) fp@)
V(E,) = _— —_— d
(Ep) ﬁimm H) g 1%

5.1.2 Variance estimation fail

From the observation that it is indeed useful for some pixels to use a larger brdf, I tried to
parametrize the problem with respect to the reflectivity attenuation with no success.

I was using the Blinn-Phong material model[l]. When computing the variance of the
estimator, I could not extract the reflectivity attenuation k.
The material BRDF is define as:

ns+8
8
with kg € [0,1] the proportion of diffuse and specular reflectance of the material, i =

|$i$g|’ n the normal of the surface and cos(6},) = h - n the cosine of the angle between them.

1
brdf(w,wg) = kdg +(1-ky) cos(0p)"™

The associated sampler has a density probability:

cos(6) % +1 cos(@p)F
+(1-k
b/ ( ) 2n 4h-w

With cos(0) = w- n and k the reflectivity attenuation.

pr(w) = kg

The variance of this estimator can be expressed as:

fw) fpuw
V(E = —E(E ' d
Epy) .l;(PkUU) Epd] @) PR

_ [ frw
Q pr(w)

dw—f 2f (@E(Ep,) dw+[E(Epk)2f pr(w) dw
Q Q
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And by assuming k; = 0, we have:

dw

2 (w) doe 2T f4h-wf2(w)
Q pr(w) - Z+1Jo cos(@h)n_ks

(Demonstration in annexe :[7.2)
As you can see, the parameter k is still in the integral, which prevents any analytic opti-
misation of it.

5.1.3 Variance estimation success

Instead of finding some quantities to estimate in order to obtain the best k possible, I chose
to restrict myself to a set of predefined value for this parameter and separately estimate the
variance for each associated sampler using the formula:

\/(Ep):f (M—,u) plw )q(w)dw

o\p) q(w)
1 i(f(xi)_ ) p(Xy)
o \pXy) q(X;)

With (X;)1<;<n i.i.d of probability density q.

This means that by casting only rays using one sampler, we can estimate the variance of
another sampler with little additional cost. This is what I did to create an adaptive sampler.
This sampler starts the computation by approximating the light as well as the variances for
several samplers with different reflective coefficients using the classic brdf sampler. As the
computation progresses and the estimation becomes more and more reliable, I can swap the
sampler to the one having the smallest variance.

One strength of this method is that the variance estimation does not depend on the sam-
pler used for the estimation:

For X1,---, Xy N independent c.r.v of density probability g, - - - gn, we have:

2
\/(Ep)—fg(f(—; ,u) pw)dw

(
(f )2 p(X;)
P(Xi) qi(X;)

(Demonstration in annexe : [7.1)
Which allows us to update the parameter k (i.e changing the sampler) without restarting
the estimation.

Pierre Hubert-Brierre Defensive sampling August 10, 2023 17
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It turns out that there is another way to estimate the variance of each sampler that has a
better convergence rate:

f?(w)

V(E,) =
(Ep) a pw)qgw)

q(w)dw —

(Demonstration in annexe :

Because I'm only interested in finding the sampler having the smallest variance, I can
dismiss the ,u2 as both V(E,) and V(E,) + ,u2 have the same sampler minimizing them. [ am
then searching the sampler that minimize:

f2(w)
Q plw)q(w)
18 )

N 3 p(Xi)q(X;)

V(E)) +u* = gw)dw

With (X;)1<;<n i.i.d of probability density q.
This approximation is better because it is analytically more stable (we only add numbers,
the other estimation has to compute the square of the difference between two estimations).

Of course we can update the parameter k without restarting the estimation:
P o 1 XD
o plw) N3 pXi)qi(X;)

With Xj,---, Xy N independent c.r.v of density probability g1, -- gn. (Demonstration in an-
nexe :

5.2 Left-Right sampling

5.2.1 Idea

The second major idea of the internship is to cut the hemisphere in two parts (I will call
them the left and right parts) and estimate which part has more light in order to send more
rays in that part.

5.2.2 Basis

For that purpose, I created another sampler p, (called left-right sampler) that is parametrised
by y € [0,1] to give more samples in one side. (y = 0 means all samples are cast in the right
part, y = 1 means all samples are cast in the left part). Considering an already existing sam-
pler p, Qp (resp. Qr) the left (resp. right) part of QQ we have:

Pierre Hubert-Brierre Defensive sampling August 10,2023 18
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Py () =2yl yeq; p(w) +2(1 =) 1 yeqy p(w)

. 1 iftistrue
With ]lt = .
0 otherwise

Note, this is a probability density under the assumption that
fQL pw)dw = fQR plw)dw = % (Demonstration in annexe : . This means that we must
carefully choose p, Q1 and Qg, this is a strong constraint as we will see later.

This new probability density has an associated variance:

V; V;
Vy= Ly
2y 2(1-7v)
2 2
With V; = fQL % dw, Vg = fQR % dw and p = [, f(w)dw (Demonstration in annexe :
7.3)
Which is minimal for y = —Y%.__ (Demonstration in annexe : Note that because
A -

V1 and Vj are independent from y, wee can still estimate them even if we change the param-
eter y (4.2.2) (this is critical to have good performance in the long run). (Demonstration in
annexe :[/.1)

(a) The reference scene. (b) The y coeficient (in black y = 0, in blue y = 1.)

Figure 8: Example of a scene with it’s optimized y coeficients.

5.2.3 Generalisation

We have just divided the hemisphere in 2 to decrease the variance, why not divide it in n
part ? It is indeed possible: let yy,---,y, €]0,1[ with Z?:l Yi=1and Qy,---,Q, a partition of
Q. Then we have a sampler py, defined by:

n

Py (@) =) nyilyeq, pw)

i=1
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This is a valid probability density under the strong condition that Vi € [1, n]
Jo, P@)do = 1 (Demonstration in annexe :

This new probability has an associated variance:

n
Vi 2
Vy, = -
"=
2
With V; = [o. % dw and p = [, f(w)dw (Demonstration in annexe :|7.3)
VVi

This variance is minimal for y; = (Demonstration in annexe : [7.3)

Vi

However, even if this is mathematically possible, there is some drawback at dividing too
much the hemisphere:

e The more separate parts we have, the less samples we can cast in each different part,
leading to poor estimation and poor results.

¢ The second drawback comes from the constraint Vi € [1, n], '[Qi pwdow = % This is
not easy to achieve with an arbitrary number of parts n and any non trivial sampler p.
We need to simplify the initial sampler p, leading to poor results.

5.2.4 Generalisation failed with the brdf sampler

Because the brdf sampler is symmetric with respect to the incident plane (a ray has the
same probability of going left or right), the constraint [, p(w)dw = [, p(w)dw = 1 is meet
and we can use the brdf sampler as a primary sampler for the left-right sampler. However, I
failed to generalize it.

Because Q is the hemisphere, we can define it as:

cos(¢) sin(0) .
Q= (sin((,b) sin(@)) with 6 € [0, E]’d) € [0,27]

cos(0)
With0=0y<0,<---<0, = g and 0= ¢y < ¢y <--- < ¢, =2m. We can then divide Q into
part (€; ;) 0<i<n defined by:
O<sj<m
cos(¢) sin(8)
Q;,j =1 | sin(@)sin(@) | with 0 €[0;,0;41],Pp€ [P, Pj+1]
cos(0)

The objective is then to find such 6; and ¢; such that le_j plw) do = # In the case of
the brdf sampler, this constraint becomes:
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in(2 1 o+ s
sin( 6)+(1—kd) ng+ f 7 M Sln(e)d(PhdHh
(P] h'w

1 _f (w)dw—fgmkd( 1))
nm Qi'jp /) /4 Pin=¢; 2 8m

1

(Demonstration in annexe :[7.3)

And there ends the computation, going further leads to no results, I am not able to com-
pute the values of 6; and ¢ ; for that equality to be true.

I choose to simplify the primary sampler. More precisely, I built a simple sampler for

my special case such that the constraint fQij pw) do = ﬁ hold.

The idea is that I want to sample the vector h on a cosine lobe to have a good specular
sampler. However, I tried it and totally discarding the diffuse term led to very high variance
(because the specular term can be very small, leading to floatant errors). What I finally did
was to divide Q into part where the constraint fQij ”;—;1 cos(@)"™ dh = # hold to set the dif-
ferent Q; ;. Once the partition of Q is done, the final sampler chooses uniformly one part
(because the constraint gives equal probability to each part) and in that part, I draw a ran-
dom vector h either from a cosine distribution or from a uniform distribution. The final
sampler is:

ng+1 L
0™ +k
o Cos(O)™ + 27 (cos(6;) — cos@1+1))

n-1m-1
p(h) = Z Z ]1]’1€Q[,j ((1 - kd)
i=0 j=0

With cos(6;) = "*{/ZL and ¢; = 2%

Of course once the values for p, 6; and ¢; are given, it’s easy to check that everything
works. The real challenge here was to find those objects. I do not pretend to have found the
best partition of Q2 or the best sampler to use, this can be a future work.

One can check that we have indeed:

1

h)dh=——
fQi‘ ; Pt nm
(Demonstration in annexe :

And that p is a valid density probability:

o [up(h) dh=1
e YheQ,p(h)=0

(Demonstration in annexe :
Finally, because w = 2h-woh — wo, we have % =4h-wpand py(w) =
direction w to sample in our graphic engine as well as it’s probability.

p(h)
4(h-wp)’

giving us the
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0 —LBLR
10 LB
— LR
LBG
— naive

10! 10° 10% 10° 10* 10°
nb samples time (ms)

Figure 9: Efficiency and performance test done by rendering the scene in the left using pixel blocks of 8x8 and
7=0.1.

LB is the large brdf sampler, LR is the left-right sampler, LB LR is the combination of both, LB G is the general-
ized version of left-right combined with large brdf and naive is just the brdf sampler.

Here are the results of my test. We can see that in the long run every strategy is better than
the naive one in terms of performance, however the generalized version of left-right is not
efficient at all. Furthemore, this strategy is initially worse than the other because I had to sim-
plify the primary sampler for the strategy to work (because of the constraint fQi plwdw= %).
Overall, except for this strategy, the three others are better both in efficiency and in perfor-
mance than the naive one. Special mention to the combination of the large brdf and the left
right sampler how to achieve the best of both samplers and give the best performance.

However, those results are very scene dependent. Here are more test scene on wich the
results are differents:

Overall, ours strategies are more efficient than the naive one (exept for certain scene, but
always within a small margin). This make our strategies better defensive samplers than the
naive one, specialy in scene where most of the light comme from a single direction.

To sum up, to render an image, we use probabilistic algorithms that have performances
greatly dependent on the sampler used. There are several different samplers, all with their
strengths and weaknesses and a way to combine thoses samplers to get the best of them.
However, if no primary sampler is suited to the scene, the combination of them will not be
suited either. This is why we need defensive sampling, a simple sampler design to be suited
to most cases instead of being powerful in some special cases.

I designed two such samplers, the large brdf sampler and the left-right sampler, both are
learning their environment to have a low variance on most possible configurations. Furthe-
more, we can merge thoses two samplers to further improve the performances and the use
cases.
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1072 LB
— LR
— LBG
— naive
3 1073
E
1074
10! 102 10° 10° 10
nb samples time (ms)
—LBILR
LB
100 — LR
— LBG
— naive
10! 102 10° 10° 10* 10°
nb samples time (ms)
—LBLR
10° LB
— LR
— LBG
y — naive
107
2
£
1072
1073
10! 10? 10 10° 10t 10°
nb samples time (ms)
—LBLR
10-2 LB
— LR
— LBG
— naive
2 10°3
g 0
1074
10! 10? 103 10° 10 10°
nb samples time (ms)

Figure 10: Efficiency and performance test done by rendering the scene in the left using pixel blocks of 8x8
and 7 =0.1.

LB is the large brdf sampler, LR is the left-right sampler, LB LR is the combination of both, LB G is the general-
ized version of left-right combined with large brdf and naive is just the brdf sampler.
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7 Proofs

7.1 Monte Carlo proof

Expectancy of monte carlo sampler

For f afunction to integrate over a set Q, for X c.r.v over Q) with a probability density function
p such that f(x) # 0= p(x) #0, then:

F@) (f(X))
d dx =L
ff()x oo PI=E L%

Error of monte carlo sampler

For X and (X;)1<;<n i.i.d of density probability p. We have : E(X) = % Zé\il X
The squared error &2 of this method is:

oo

N N )2
[E(( ( ZXZ) sz) ) because X and (X;) are i.i.d

l:1

<
2|~

N
— Z X,-) by definition of the variance
i=1

N
) V(X;) because (X;) are i.i.d
i=1

%I~ %IH

N 1
2 V0= )=V

i=

—

Monte carlo with several samplers

We can use several samplers in a monte carlo process: for f a function to integrate over a
setQ, Xi,---, Xy N independent c.r.v of density probability ¢, --- gn, we have:

Pierre Hubert-Brierre Defensive sampling August 10, 2023 24



ENS DE LYON

1 X [ f)
do==Y [ L f.wa
fgf(“’) O8N & o g T
1 Y fw)
l:lql(w)

~
~

monte carlo estimator with one sample

=

7.2 MIS proofs

Balance and Power heuristics

To show that the balance and power heuristics are valid, we need to show that:
* pilw)=0=w;(w) =0
s flw)#0=>Y"  wiw)=1

Because the balance heuristic is a special case of the power heuristic (with = 1), we only
need to prove that the power heuristic is valid.

B
pi(©)=0= w;w) = n( 1pi() 5=0
Y (cjpj@)

- no (eipiw)’ " (cipi@)?

Zwl—(a)):z ﬁ: 1= ﬂ:1
i=1 =120 (ejpj@)” X, (¢jpj@)

MIS estimator
For p1,---, pn n probability density over Q. For ny,---,n, € N the number of samples of

each density and f a function over Q. For X; and (X; j)1<j<p, i.i.d of density probability p;,
the MIS estimator is:
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n n
f f(x) dx :f Z w;(x) f(x) dx because ) w;(x)=1
Q i=1 i=1

f w;(x)f(x) dx

i=1

M= M:

Q
f w019 b dx
Q

n f(Xi))
= i(X;

LE (W( e
o] X))
Ngn ; Wil e pi(Xi ;)

MIS estimator in the special case of the balance strategy

Assuming that w; (X) = M

WANGTIOSL the MIS estimator become:

L L (X)) &1 4 cipiX)) (Xi,j)
I g
i=1 1 j=1 l(Xl]) i= 1”1] 121 1C]p](Xi,j) pi(Xi,j)
n ni Xl
:Z 1 Ci S X)) because n; = ¢; N
i1 CGiN iz (CXl])

Variance of the balance strategy

This estimator has the variance:
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n nj X . n; X .
\Y izz f( l’]) LZZ \/(M) because the (X; ;) are i.i.d
N iZ o p(C X)) iZijo1 \p(C X))
_ Ly s fP X)) _[E( fXi,) )2
2iam PG X)) p(C, X; j)
2(x. 3 \2 L
:%Zni [E( ]: (Xi) )—[E( f(X) ) ] becauseF).(,,]hs]sni
N< i3 p'C, X;) p(C, X;) are i.i.d
_ 1 2 ‘ fZ(x) . f(x) . )2
=3 N, prc g P94 (QP(C,x) pilndx
_ 12 fz(x) 1 f(x) . )2]
- N,; a p?(C,x) cipi(x)dx Ci ( a p(C,x) Cipi(x)dx
1 2 f2(x) ”f
. L epi(x0)dx— =L
Nizzl a p?(C,x) Cipi(x)dx Ci
With ; = [, % cipi(0dx = [qw;(x)f(x) dx
Large brdf proofs
Variance estimation
f(X)

For a sampler p and the associated estimator E, (X) =

p(X)

(with X a c.r.v of probability

density p), for f the integrand of the light equatio and u = [, f(w) dw, the variance of

Ep is:

V(E)) = fQ (E,() —E(Ep) pw)dw

Pierre Hubert-Brierre

/ 2
%— Q% p(a)’)dw') pw)dw
2
%—Lf(w') dw') pw)dw
f) )2
@) ¢l pwdo
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Large brdf analytical failure

s(05)

In the case where the sampler is py(w) = kg <% COS(G) +(1-kg) A ) CO4T he have:

f(w) )2 pr()
V(E = — ' d
( Pk) fg(pk(w) 1% e (@) pr (w)dw

2
_ fz(w) Pk(w) (@) do f fw)  prlw) - (w)dw+fu2 Pr(w)
Q pr(w) pk/(w) o prlw) prw) ()

fz( ) —fzf(a))ydw+fu2pk(w) dw
a pr(w) Q Q

With:

2 2
O da):f ) dw

Q Pr(w)

Q S+1
a1 (1 - ki B ton

And by assuming k; = 0 to only consider the specular part of the brdf, we get:

2 2
—f (@) dw:f —f (@) o dw
Q Pr(w) Q B+1 cos@)) F

27 4h-w

27 f4h-wf2(w)

7 — dw
T t1Ja cos@),)F

Large brdf stable variance estimate

Finally, after thinking twice about the equation, one can see that the variance can also be

written as:

Pierre Hubert-Brierre Defensive sampling August 10, 2023 28

pr(w)dw



ENS DE LYON

2
= 11 v

fw) ) p(w)
=| [==- d
fg(p(w) H) g T4

2

[ (w) p(w) B 2f(w) p(w) f’“‘

_ d
0 2@ @ 1@ ) 2 @ 1

2
R p(i))(q()w) q(w)da)—prQf(w) dw+u2f9 pw)dw
_ f?(w)
~Japwg)
o)
a pw)gq(w)

q(a))dw

qg(w)dw -2 +

cl(a))da)—u2

7.3 Left-Right sampler proofs

Left-right sampler

Let’s consider the general cases with py, (w) = X7, ny;lyeq, p(w) (the left-right sampler is
just the special case with n = 2). Then assuming Vi € [1, n]],fQi plw)dw = %

n
f Py () dw = Z py; () dow because (£2;) is a partition of Q
Q —1JQ;

n
=) A nyip(w) do onQ;, py, =ny;p

i=1
—zn:n l because[ (a))dw—l
—i:1 Yln Qip T
n
:Z’yizl

~
I
—

Furthemore, if the condition le_ pw) do = % does not hold, there is no optimisation pos-
sible. In that case, there exists k such that [, p(w) dw # %

fgpy,-(w) dw:izzlnyifﬂip(w) do

By making y; — 1 (and Vi # k,y; — 0 to keep the constraint 17" , y; = 1) we get:
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n
Zn)/if pw dow — n| p) do#l
= Q; Yr—1 Qp

Which is not possible because fQ Py;(w) dw must be equal to 1.

Variance left-right sampler

Let’s consider the general cases with py, (w) = Xi, ny;1yeq, p(w) (the left-right sampler is
just the special case with n = 2). In that case, the variance can be written as:

2
Uy = (L2 4] pyrdo

ol py; (@)
HON o[ @
= + (w)dw
Q p, @  py Ht i b,
2
S @ Py;()dw —2,uf Mp),l(a))dw+u
o py, (@)
= @) dw —2u° + p? because,u:ff(w)dw
Q py,(w) Q
n fZ(w) o . _ .
_Z o, Ty @) do—u~ onQ;, py, =ny;p

Left-right sampler best y;

Let’s consider the general cases with py, (w) = X7 ny;1,eq, p(w) (the left-right sampler is
just the special case with n = 2). Let’s use the Lagrange multiplier on V,; with the constraint

thaty?  y;=1:

n

‘2\/” (Yl)"' ),}/I’l)A) = Z

i=1 i

i=1

V. n
l —H2+ﬂ(1—2%)
Let (y{,--+,Yn A") be a stationary point of the lagrangian function. Then:

0%vy, _ =V

1. 0= ==Y _
0 671 nY:Z

ax\/h
2. 0= 31 =1- Zn 1Yz

FromlWehave:O:_—V"z—)L*:y’.‘ = _X,{
nY* 1 n

i

From2Wehave: 0=1-Y" y;=1-X7 n;‘(’ 3/1*__”1( llﬁ)z
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Finally, we have : y; = /g Vi 5 ‘/v’
l " b \/71) LV
We have found a stationary point. Let’s check that this is a minima:
1 62_,%\2/” _ 2Vl >0
aYi nyl
623\/),.
2. -7+ =0
Finally:

0Ly,
e if Jw € Q such that f(w) # 0 then i, w € Q; and V; > 0 = 6;“ > 0 and we have a

minima.

¢ if Aw € Q such that f(w) # 0 then the solution of the light equation is 0 and any sampler
will give the exact value with only one sample.

Left right generalized sampler failed implementation

In the case where p(w) = k2O + (1 - k ) netl COZ(,?’ZJ , we can try to find a partition of Q
fulfilling the constraint fq, . p(w) do=—

1

el d
nm ~ Jo, pw) dw
cos(@) ns+1 cos(@p)"
= k +(1-k
Qi a * 4 2 4h-w
Oiv1 i+ cos(B) ns+1 cos(@p)"\ .
_f, f ( e ) sin(0) dpdo
0in1 1 Pj+1 ns
:f @f cos(0)sin(0) dy, + (1 - k) fs T f 1 cosOn™ sin(0)d¢pdo
; b, 8 Jo; h-w
0in1 k 1 Pj+1 6,)"s
_ f (¢4~ ¢;) cosO)sin(®) + (1 - ka) ”S; f¢ LSO Gin@)depdo
i J
i1k sm(29) ns+1 [P+ cos@p)™
:f _d(¢]+1 o) +(1-kg)— f R sin(@)d¢do
. 8 Jo; .
Left right generalized sampler implementation
Assuming that p(h) = 7" Z ﬂhegl J ((1 —ka)=3 ”s“ cos(@p)™ + kg n2n(cos(9i)1—cos(9i+1)) ), with

cos(@;) = " /™=t and ¢; = ZL we can show that Jo,; @) do = -2
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1

n—-1m-— 1
(h) dh =f 1 ((1 k ) cos(@,)"" +k dh
oy s Qi ;0 ,;o e ¢ " “n27(cos(9;) - cos(®:11))
ng+1 1
= 1-k 0 dh
fw.( D g OO K oS @ —cos @1
1 1
=(1-ky) cos(@,)"s dh +k f
4 Qi h a Q,; n2m(cos(6;) —cos(6;+1))
Assuming that fQ "5“ cos(@p)" dh = —— and fQ” TGOS T ) IR dh = ﬁ, we have:
f (h)dh—(l—k)f 1cos(B )Y dh+k f ! dh
Q) p B d h “ Ja,, n2m(cos(@;) - cos(@:+1))
1
=(1- kd)— + kd—
nm
_ 1
" nm
The assumption is correct:
1 Oiv1 pdjn 1 (0 dbdo
fg,-,j n2m(cos(@;) —c08(9i+1)) f f n2m(cos(@;) —cos(0;+1)) sin(@)d¢

i+1 1
- fgi @je1=¢)) n2m(cos(f;) —cos(@;+1))
Joi ! sin(@)do
n2m(cos(f;) —cos(@;+1))
[—cos(t9)]gj*1
n2m(cos(0;) —cos(@;41))
cos(6);) —cos(0;+1)

sin(0)do

=(pj+1—¢;)

= ((/)j+1 _(Pj)

=(@Pj+1—9)) n2n(cos(0;) — cos(@;+1))
27 (j ' .
_ nG+1 27j) 1 because (,bi:@
m m ) n2n m
_ 1
- nm

And:

Pierre Hubert-Brierre Defensive sampling August 10, 2023 32



Lyon 1 — :

i+1 LPja 1
cos(Hh)”S dh= f f] s ¥ cos(Hh)”S sin(@y,)d¢,d6y,

Jo,

ij

ne+1 i+l .
- 52” -[Hi (j+1—¢j)cos(Op)" sin(0y)dO},
6.
ns+1 —COS(@h)”S“ i+1
(¢]+1 (b]) — 1 ,
1

= -1 =¢)) (cos(0,)"s*! = cos(@41) ")

Because we have ¢; = and cos(0;) = "/ L

ns+1
! 1 (2a(j+1) 2mj\| ner/n—1i o
g(‘pﬂl — ;) (cos@)™* —cos(0;+1)™ 1) = o ( ’]n _ m]) ( | - _

_1271( —1i n—i—l)
2n m n n

ns+1
1/ n

1
-~ nm
Left right generalized is a valid sampler
p is a valid density probability:
* YheQ,ph) =X/ ¥ ea, ((1 — ka) 55 cos(01)"™ + ka mzmressir=eos ) =
-pr(h)dh:Z? fQ p(h)dh P Z] 0 nm—l
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