
Accelerating Signed Distance Functions

Pierre Hubert-Brierre1 , Eric Guérin2 , Adrien Peytavie1 , Eric Galin1

1 Université Claude Bernard Lyon 1, CNRS, LIRIS, UMR 5205, France
2 INSA Lyon, CNRS, LIRIS, UMR 5205, France

𝑐
∗
=

1
𝑐
∗
=

2
6

2
1

4
4

Reference

Union

Tower Walls

Level L

Trees Terrain

Proxy P

Proxy P

Union

Blend

×439.1

AcceleratedCastle ≈ 4000 nodes

Figure 1: Given a signed distance field f defined by a construction tree, we insert proxy and levels of detail nodes to accelerate the evaluation
of f . In this scene made of 3889 nodes, we improve the performance of signed distance field queries up to ×400.

Abstract
Processing and particularly visualizing implicit surfaces remains computationally intensive when dealing with complex objects
built from construction trees. We introduce optimization nodes to reduce the computational cost of the field function evaluation
for hierarchical construction trees, while preserving the Lipschitz or conservative properties of the function. Our goal is to
propose acceleration nodes directly embedded in the construction tree, and avoid external, accompanying data-structures such
as octrees. We present proxy and continuous level of detail nodes to reduce the overall evaluation cost, along with a normal
warping technique that enhances surface details with negligible computational overhead. Our approach is compatible with
existing algorithms that aim at reducing the number of function calls. We validate our methods by computing timings as well as
the average cost for traversing the tree and evaluating the signed distance field at a given point in space. Our method speeds-up
signed distance field evaluation by up to three orders or magnitude, and applies both to ray-surface intersection computation
in Sphere Tracing applications, and to polygonization algorithms.

CCS Concepts
• Computing methodologies → Shape modeling;

1. Introduction

Implicit surfaces form a particularly compact and expressive class
of objects for modeling various shapes. They have demonstrated
their effectiveness in constructive solid geometry, fluid simulation,
rendering, or surface reconstruction. Unlike explicit surface repre-
sentations such as meshes, an implicit surface is indirectly defined
as the zero level-set ∂O= {p∈R3, f (p) = 0} of a continuous func-
tion f , often referred to as a potential field [BW97].

A perennial challenge is to provide designers with tools for mod-
eling complex shapes while maintaining an interactive processing,
in particular interactive visualization. Regardless of the underlying
representation, algorithms for processing implicit surfaces – such
as polygonization, or ray-surface intersection – ultimately rely on
one fundamental query: evaluating the field function f (p) at a spe-
cific position p.

Reducing the number of function queries # f is a general strategy

for improving performance, agnostic of the underlying representa-
tion of the implicit surface. Algorithms for processing implicit sur-
faces take advantage of the properties of the function f and the co-
herency of the queries f (p) to reduce # f and improve performance.
Still, large objects featuring complex primitives based on curves or
noise involve computationally demanding distance computation.

Our work is based on the observation that reducing the computa-
tional cost, denoted as c(p), for evaluating the signed distance func-
tion f (p) is essential for handling complex objects. This reduction
requires explicit knowledge of the object’s representation, such as
its construction tree. Furthermore, the function queries f (p) can be
simplified when points are located far from the surface ∂O. There-
fore, we propose embedding acceleration nodes directly within the
construction tree to eliminate the need for external data structures,
such as octrees.

In this work, we propose a framework for accelerating the eval-
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uation of f (p) for implicit surfaces built from construction trees
(Figure 1). We introduce two kinds of nodes: proxy nodes that mod-
ify f into an accelerated function f̃ for points sufficiently far away
from the surface ∂O, and levels of detail nodes simplifying the ge-
ometry of the surface ∂Õ and using the gradient ∇ f to warp the
normal and obtain classical bump mapping effects.

More precisely, our contributions are as follows: 1) We propose
proxy nodes and continuous levels of detail nodes preserving the
Lipschitz property of the field function in space, so that it can be
consistently used in a modeling context; 2) We introduce a simple
and efficient normal warping equivalent to traditional bump map-
ping for meshes, without the need for inverse coordinates. 3) We
show that our methods significantly improve performances (up to
three orders of magnitude speedup) in a variety of contexts. 4) A
code release https:https://github.com/orgs/Arches-Team/
repositories

In the context of rendering and shading, levels of detail op-
erators can be completed by normal warping in the construction
tree. Although we present our algorithms for signed distance fields
[RMD11, RMP∗24], our method can be generalized to other hier-
archical models such as the BlobTree [WGG99] or function rep-
resentations [PASS95]. Moreover, our approach directly applies to
existing implicit surface algorithms, including ray-surface intersec-
tion or polygonization algorithms.

2. Related work

Here we review acceleration techniques for processing implicit sur-
faces, organized into two categories: algorithms that aim at reduc-
ing the number of function queries # f , and methods trying to re-
duce the computational cost c(p) of field function evaluation f (p).
Methods can be classified based on whether they are independent
or agnostic of the underlying field function representation and com-
putation, or whether they leverage knowledge of how they are built
and computed.

2.1. Number of field function queries

Accelerated algorithms for implicit surfaces take advantage of
the properties of the function f and the spatial coherency of the
queries f (p) to reduce the number of function queries. This is typ-
ically the case for optimizing ray-surface intersection algorithms
through Lipschitz-based algorithms [KB89] such as Sphere Trac-
ing [Har96] and variants [KSK∗14, BV18, BV23], Segment Trac-
ing [GGPP20], second-order approximation of the field function
f ◦ δ along the ray [AZ23], or affine arithmetic and interval arith-
metic that require the closed form expression of f .

This is also the case for grid-based polygonization algorithms
that adopt a continuation [WMW86] or a sweeping strategy [LC87]
to reuse values computed at the vertexes of a virtual grid. A com-
plete analysis of polygonization techniques is beyond the scope of
this paper and may be found in Araujo et al. [DALJ∗15]. Recent re-
sults in implicit modeling [SBS23, SRBS24] utilize the field func-
tion value f (p) to define regions of empty spheres in space, which
in turn facilitates efficient polygonization.

Existing accelerated ray implicit surface intersection techniques

aim at reducing the number of field function queries along the ray.
They are usually associated with a set of constraints on the field
function such as global continuity, Lipschitz property or continuous
differentiability.

Optimized evaluation and data-structures Acceleration tech-
niques usually rely on additional data structures, such as octrees
or bounding box hierarchies, embedded or external to the repre-
sentation of the implicit object. Some models built from compactly
supported primitives such as Blobs [WMW86] or particularly the
BlobTree [WGG99] naturally contain a bounding volume hierar-
chy in their construction trees. In contrast, other models includ-
ing procedurally defined signed distance fields do not benefit from
the compact support property of their primitives and operators.
External accompanying acceleration structures, usually bounding
box hierarchies [FGW01, GPP∗10] or octrees [Har96, GGPP20],
may be used to eliminate empty regions on space, store additional
data such as a local Lipschitz bound, or a computationally effi-
cient local approximation of the function [PC23]. Such acceler-
ation structures usually require a possibly intensive preprocess-
ing step, significantly increase memory requirements, and are of-
ten model-specific. This is particularly the case for Interval Arith-
metic based approaches that require the closed-form expression of
nodes [Kee20, AZ23] or a neural model [SJ22], or Lipschitz tech-
niques [GGPP20] that need specific knowledge for every primitive
and operator in the construction tree.

Large implicit models pose a challenge in terms of performance,
as it is not feasible to evaluate arbitrarily complex functions even
on modern graphics hardware. A common approach is to prune the
construction tree [FGW01] to constrain computations to a subset of
the tree that affects a given region. While octrees [Har96,FGW01]
necessitate the construction of an accompanying structure, bound-
ing box hierarchies [GPP∗10] can be embedded in the construction
tree of the field function itself [GGPP20]. Bounding volumes can
be embedded in the field function representation to reduce the eval-
uation cost at every step in the BlobTree model [WGG99], but this
approach can only be used for compactly supported primitives.

2.2. Field function evaluation cost

Reducing the computational cost of f (p), which may be regarded
as a low-level optimization, plays a crucial role in accelerating pro-
cesses such as ray-object intersection, polygonization, and collision
detection. It can be used in addition to reducing the number of field
evaluations, so that the benefits are combined.

Field function approximation and simplification Hierarchical
spatial caching [SWG05] introduced the concept of a caching node
inserted into the implicit construction tree. Caching nodes store po-
tential field values at the vertices of a voxel grid and rely on tri-
linear and tri-quadratic reconstruction filters to locally approximate
the potential field of a sub-tree. A lazy evaluation scheme is used to
avoid expensive pre-computation. Caching distance data [SWG05]
can be effective but limited in its application because of the increas-
ing memory usage. In this context, tree reordering can be used to
improve memory coherence [GDW∗16]. Local piecewise approx-
imation of the field function in a grid or an octree [PC23] is im-
pacted by the same limitation. Barbier et al. [BSP∗25] introduced a
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method for pruning the construction tree of an input signed distance
function into a region of space to simplify computations and accel-
erate Sphere Tracing [Har96]. The pruning algorithm reduces the
number of active nodes and far-field culling replaces the whole tree
with a constant expression when sufficiently far from the surface.
Hansson-Söderlund et al. [HSEAM22] compare different strategies
to optimize the field evaluation function in a grid context using a
bounding volumes hierarchy and different types os solvers. Moinet
et al. [MN25] improved the performance of Fractional Brownian
Motion noise rendering by improving the stepping efficiency of
Sphere Tracing considering the first and second derivatives, and
treating cascaded sums as nested bounding volumes.

For ray-surface intersection algorithms, the field function along
the ray f ◦ δ(t) may be computed for some categories of im-
plicit surfaces and roots found using analytic techniques [WT90]
or numerical approaches such as Bézier clipping [KSN08, NN94].
For arbitrary scalar fields, approximating polynomials can be con-
structed along a ray, to which various root finding methods are ap-
plied [She99], or using Bernstein polynomials [KSN08]. However,
increasing the degree of a polynomial arbitrarily does not necessar-
ily yield a better approximation which is a fundamental limitation
when using interpolation-based approximations in existing render-
ing approaches. The method proposed in [WMK24] addresses these
limitations by utilizing adaptive Chebyshev polynomials proxies
along each ray to perform an accurate intersection test via a robust
and multi-stage searching method.

Simplifying the function expression is another method to im-
prove computational efficiency. Screen-space pruning of construc-
tion trees [Zan24] relies on the ability to bound the influence
of primitives and operators in space. Interval arithmetic [Duf92,
Kee20,AZ23] may also be used to eliminate parts of the expression
that do not contribute significantly in regions of space, but requires
all primitives and operators to define specific additional queries,
and may be constrained by the types of primitives and operations
supported.

Levels of detail Cani et al. [CH01] pioneered the use of skeletal
primitives with levels of detail by adapting the subdivision level
of some curves and surfaces according to the visualization require-
ments. The model used relies on convolution surfaces which are
computationally expensive. Barbier et al. [BGA04] improved and
proposed a hierarchical system with an automatic levels of detail
management for interactive modeling with an accelerated render-
ing using the BlobTree formalism [WGG99, GLA00]. They han-
dle levels of detail with smooth transitions and tree optimizations
speeding up visualization by an order of magnitude, which allows
an interactive editing of the shapes.

The same procedure has been explored using a hierarchy of neu-
ral networks to learn an implicit surface at different levels of de-
tail [TLY∗21]. This method reconstructs an input black box sur-
face, allowing it to work on various underlying representations, for
instance defined by a tree as well as a neural network or even a grid.

3. Overview and notations

Recall that an implicit surface is mathematically defined as the set
of points in space p that satisfy the equation f (p) = 0, formally:
∂O = {p ∈ R3| f (p) = 0}.
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Figure 2: Example of a hierarchical implicit surface model and its
corresponding construction tree T .

Construction tree In this paper, we consider models defined
from a hierarchical construction tree, in the spirit of the Blob-
Tree [WGG99] or the smooth CSG tree [BSP∗25]. The leaves of
the tree are simple shapes implemented as signed distance prim-
itives. Primitives are continuous 1-Lipschitz field functions, i.e.,
∀p ∈ R3,∥∇ f (p)∥ ≤ 1. For instance a sphere with center c and
radius r is defined as f (p) = ∥p− c∥− r. More primitives can be
defined as the Euclidean distance d to a skeleton S, such as cap-
sules or rounded curves : f (p) = d(p,S)− r. Internal nodes are
operators such as Boolean and blending functions that combine the
field functions of their sub-trees, as well as deformations nodes in-
cluding affine transformations or more complex deformations such
as Barr’s transformations [Bar84], which are also 1-Lipschitz. The
field function value f (p) is computed by recursively traversing the
tree: primitives yield signed distance values, and the operators lo-
cated at the internal nodes of the tree combine the values produced
by their sub-trees. Figure 2 illustrates the construction tree of a sim-
ple object.

Implicit surfaces taxonomy Here, we recall the categorization of
signed distance field models introduced in [MSLJ23] and complete
it with Lipschitz scalar fields (Figure 3).

Conservative 1 −Lipschitz Distance fieldPseudo distance

𝑓 = 𝑑𝑓 ≤ 𝑑 ∇𝑓 ≤ 1 ∇𝑓 = 1

Figure 3: Categorization of signed distance field.

When a function f = d, i.e., obeys the distance property to the
object, it is truly a signed distance field. A pseudo signed dis-
tance field is piecewise differentiable function that only satisfies
the eikonal property ∥∇ f∥ = 1 wherever the gradient is well de-
fined, they often arise when performing geometric editing on ex-
act signed distance field, such as Boolean operations. Conservative
distance fields constrain f to be smaller than the true Euclidean
distance: | f | ≤ |d|; they do not need to be continuous and may
have unexpected high gradients in some regions. We introduce Lip-
schitz scalar fields to the categorization [KB89, Har96], satisfying
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the Lipschitz property and ∥∇ f∥ ≤ 1. They have stronger prop-
erties than conservative functions, particularly they are continuous
and have a bounded gradient.

Even though the original Sphere Tracing algorithm was proposed
for Lipschitz scalar fields, it is still applicable to conservative dis-
tance fields [BSP∗25]. However, some operators need the function
to satisfy at least the Lipschitz property. Contrary to Boolean nodes
that operate on conservative fields, smooth Boolean operators in-
troduced in [DVOG04] require the function to be Lipschitz, or at
least continuous. When applied to discontinuous conservative dis-
tance fields, smooth Boolean operators may produce fields that are
not continuous in some regions, and that do not consistently define
an implicit surface (see Figure 8 for rendering, and Figure 3 for a
depiction of the field f ).

However, the importance of this classification lies in the mod-
eling process itself. Since most implicit operators require a true
signed distance to function correctly, feeding them with a pseudo
signed distance or a conservative one may introduce artifacts. Even
very simple operators are affected. For instance, the inflate opera-
tor, defined as I(ϵ) = f (ϵ)− k, is impacted by the degradation of
the surface quality (see Figure 4).

Conservative 1 −Lipschitz Distance fieldPseudo distance

I(p)

Figure 4: Artifact created by applying the same operator on a set
of signed distance fields from different classes.

Costs Throughout this paper, we denote cN the average cost for
evaluating a node N in the tree, and c(p) the average cost of a query
f (p). The cost c(p) for evaluating the signed distance function f (p)
is calculated by summing the costs cN (p) of each node encoun-
tered during the tree traversal. Without any optimization, this cost
equals the total of all node costs since every node is visited. Our
goal is to insert acceleration nodes into the tree in order to reduce
c(p) whenever possible.

Overview To reduce the evaluation cost c(p), we transform the
tree and introduce new nodes that branch to simpler computations
of field functions whenever possible. To this end, we introduce two
acceleration strategies: inserting proxy nodes in the tree that replace
the complex evaluation of a sub-tree by simpler evaluation, and
levels of detail nodes replacing a sub-tree by a simpler approxima-
tion according to some input accuracy requirement (Figure 5). The
goal of proxy nodes is to modify the original tree T and obtain a
new construction tree T̃ with the same surface O = Õ, but with a
more efficient signed distance field f̃ . Note that proxy nodes mod-
ify f in regions Ω entirely inside or outside of the object O, i.e..
Ω∩∂O =∅.

Inserting proxy nodes relies on the following fundamental ob-
servations: Boolean and warping nodes correctly handle conserva-
tive distance functions sub-trees, whereas smooth Boolean opera-
tors require that the sub-tree should be 1-Lipschitz. Therefore, we
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Figure 5: Overview of the tree optimization.

introduce two different types of nodes: conservative proxy nodes P
(Section 4.1) yield a conservative distance field f̃ that can be dis-
continuous, and more computationally demanding Lipschitz proxy
nodes C (Section 4.2) that build 1-Lipschitz function f̃ .

The second strategy involves inserting levels of detail nodes in
the tree to replace the computationally intensive sub-trees by sim-
pler models. Contrary to proxy nodes that modify the definition of
f in regions V that do not straddle the surface, and therefore do
not change O, levels of detail nodes change the surface ∂O. We
introduce continuous levels of detail nodes (Section 5.1) that op-
erate on regions that partially or entirely intersect the surface and
define a progressive simplification of the implicit surface. Then, we
introduce normal warping (Section 5.2) as an affordable method to
enhance surface details on a simpler model, while maintaining the
overall consistency of the tree-based structure.

4. Field function simplification

Field function simplification nodes reduce the cost cN of a node
N in a given region of space V . We introduce proxy nodes that
generate a new field function f̃ . Simple proxy nodes produce a
conservative only function, whereas improved proxy nodes yield
a 1-Lipschitz function, compatible with smooth Boolean operators.

4.1. Proxy nodes

A proxy node, denoted as P , is a unary node that replaces the def-
inition of the function f outside of a volume V by a simpler, in-
expensive 1-Lipschitz function, denoted as b, defined over the sub-
domain R3 −V:

f̃ (p) =
{

f (p) if p ∈ V
b(p) otherwise

In general, f̃ is not continuous at the boundary ∂V , although
piecewise Lipschitz over V and R3 −V . Therefore, it is only a con-
servative signed distance field and can only be used if the nodes
above N are Boolean or warping operators. The advantage of this
operator is its efficient evaluation: assuming that cb(p) is negli-
gible compared to c f (p), this node offers accelerated queries in
R3 −V . Moreover, proxy nodes are also exactly 1-Lipschitz over
R3 − V , which further increases the performance of algorithms
such as Sphere Tracing.

In practice, the volume V is defined as a simple shape, such as
a sphere, an ellipsoid, or convex polyhedron [SLT∗25]. The cor-
responding function b is defined as the Euclidean distance to the
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𝜕O

Figure 6: Notation and field function computation for a discontin-
uous proxy node P .

volume, with an offset ε (Figure 6) that is a lower bound of the
distance to the surface of the object ∂O:

b = d(p,∂V)+ ε

Formally, ε can be defined as:

ε = min
p∈V

f (p)

In practice, an approximation of the lower bound derived from a
priori knowledge of the signed distance field and when defining the
region V .
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Reference Reference Proxy

× 7
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Figure 7: Comparison of ray-object intersection performance, us-
ing Sphere Tracing, with the reference object, and using proxy
nodes with an average ×7 speedup. Brown lines are the isoval-
ues of the distance field away from the surface.

Figure 7 illustrates the field function query acceleration obtained
for the Temple model. A capsule, a half-sphere and a cylinder proxy
volume were respectively located around the pillars, roof and stairs
to reduce the cost c f of their corresponding sub-trees; a valid strat-
egy as those elements were combined using a union node. The
speed-up factor was ≈×6.86.

In some cases, proxy nodes can be also used to accelerate the
evaluation of f inside O, which is particularly effective for render-
ing complex transparent objects, or for computing the difference
between two complex objects (see the Cake and Saturn models in
Figure 22). Since b(p) < 0 if p ∈ V , the accelerated function b for
the interior is simply defined using the Euclidean distance to the
boundary as: b =−d(p,∂V)− ε; the negative sign handles the fact
that p ∈ O.

An important limitation of proxy nodes is that they only gen-
erate conservative functions f̃ and therefore cannot be inserted in
the construction tree below nodes requiring Lipschitz or continuous
fields, such as the smooth union operator. Figure 8 shows a typical
rendering artifact when using smooth union operator with proxy
nodes: the field function is no longer continuous in the neighbor-
hood of ∂O = {p, f (p) = 0}.

Proxy P Lipschitz proxy C Ground Truth

Figure 8: Artifacts due to f discontinuity when combining a sphere
and a noisy sphere with a smooth union using a discontinuous
proxy. With a continuous proxy (presented in 4.2), the surface dif-
fers slightly as a side effect of the smooth union.

4.2. Continuous simplification

Generating an accelerating 1-Lipschitz signed distance field proxy,
denoted as C, is a challenging problem. Let v(p) = d(p,V) define
the distance to region V . The challenge stems not only from the
variety of shapes V that can be used for prescribing the accelerated
computation, but also from the interpolation between two functions
f and v that must be handled with care.

First, we define the interpolation region as Ω = V ⊕B(δr)−V
where ⊕ is the Minkowski sum and B(δr) the sphere of radius δr
(Figure 9). This allows us to easily define an interpolating, com-
pactly supported function α of the distance in the region V , with
values in [0,1], and α = 0 over ∂V and α = 1 over ∂(V ⊕B(δr)).
Let s : [0,1]→ [0,1] denote a monotonically non-decreasing func-
tion, such as identity or the smoothstep function, we define:

α(p) = s(v(p)/δr)

𝑆

V

𝛿𝑟

Ω

V⊕𝐵(𝛿𝑟)

ሚ𝑓 𝐩 = 𝑣 𝐩 − 𝛿𝑟 + 𝛿𝑟/𝜆
ሚ𝑓 𝐩 = 𝑓 𝐩 /𝜆

ሚ𝑓 𝐩 =
1

𝜆
1 − 𝛼 𝐩 𝑓 𝐩 + 𝛼 𝐩 𝑣 𝐩

𝐩

𝐩

𝐩

Figure 9: Notations and computation for 1-Lipschitz proxy node.

Interpolating between the Lipschitz field functions f and v over
the domain Ω generates a smoothly continuous interpolating func-
tion.

The function α(p) : R3 → [0,1] weights the two argument fields
and we can define the 1-Lipschitz function:

f̃ (p) =


f (p)/λ if p ∈ V
1/λ

[
(1−α(p)) f (p)+α(p)v(p)

]
if p ∈ Ω

(v(p)−δr)+δr/λ otherwise

The constant λ is needed to guarantee that f̃ is 1-Lipschitz. Con-
sider the gradient of the numerator of f̃ when p ∈ Ω:

∇α (v− f )+(1−α)∇ f +α ∇v

The second term represents the interpolation between two gradient
fields and may be bounded by the maximum of the norm of their
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gradients, i.e., 1 since f and v are 1-Lipschitz. Moreover, since α(p)
is computed as a function of the Euclidean distance to the region
s(v(p)/δr), the norm of the gradient ∥∇α∥ is simply equal to the
Lipschitz constant of the interpolating function s. Therefore, we
have:

λ = 1+λs sup
Ω

| f − v|

One difficulty comes from the fact that the Lipschitz bound λ is
in general not equal to 1, and can be large because of the term
supΩ | f − v|, and difficult to evaluate. Fortunately, it is possible to
obtain a bound under simple hypotheses.

If nothing is known about f , then in the worst case ∀p ∈ V ⊕
B(δr), we have 0 ≤ f ≤ 2r+δr and 0 ≤ b ≤ δr. Thus, by interval
analysis, −δr ≤ f − v ≤ 2r+δr, thus:

sup
Ω

| f − v| ≤ 2r+δr

Finally, we have:

λ ≤ 1+
2r+δr

δr
λs

Better approximations may be obtained in particular cases with a
better knowledge of f . For instance, if f (c)< 0, i.e., then the point
c is inside the object and in the worst case 0 ≤ f ≤ r+δr, which in
turn lowers the constant λ to:

λ ≤ 1+
r+δr

δr
λs

This demonstrates the impact of δr on the node. The smaller δr,
the bigger the Lipschitz bound. The choice of δr is a tradeoff be-
tween a large transition area (strong resiliense to side effect Fig-
ure 10) and a small Lipschitz bound (big steps in sphere tracing).

𝛿𝑟 = 0,1 𝛿𝑟 = 0,25 𝛿𝑟 = 0,5

Figure 10: The parameter δr has no direct impact on the surface
itself. However, it has potential side effects caused by a degrada-
tion of the distance field. The smaller δr, the larger the resulting
deformation.

4.3. Proxy nodes placement constraint

Let T denote the construction tree of an object O, we propose a
method for automatically inserting proxy nodes to obtain a new
tree T̃ . The algorithm recursively traverses T from its root node
and at every node N , it inserts proxy nodes or 1-Lipschitz proxy
nodes (denoted as P and C respectively) above N depending on
the presence of smooth operators above it (see Figure 11). For each
node N :

1. If N is a smooth operator node or if it has a smooth operator
above it in the tree hierarchy, then insert a 1-Lipschitz proxy
node between N and its parent;

2. Otherwise insert a proxy node between N and its parent.

Intersection

Smooth Union

Union

Primitive

Primitive

Difference

Noise

Primitive

Primitive

L

Warp

Primitive

L

L L

L

D D

D

DD

Node above N is smooth : proxy L
Other cases : proxy D

Figure 11: Constraints when inserting a proxy node in the tree
T : yellow arc illustrate that there exists a node above candidate
insertion positions, which necessitates that the node should be 1-
Lipschitz; other cases are highlighted in green.

Recall that the volumes V can represent any geometric object for
which we can compute the Euclidean distance d(p,V). In our im-
plementation, we meticulously construct simple trees that are con-
gruent with the overall morphology of our surface. The automated
generation of proxy nodes presents a fruitful avenue for further
exploration. To enhance the process of proxy generation, we pro-
pose several strategies that may contribute to advancing the efficacy
and accuracy of proxy generation. One potential approach involves
generating convex shapes, which can be readily combined through
Boolean and affine transformation operators. Alternatively, the sim-
plification of complex warping nodes or the smoothing of Boolean
operators may facilitate the automated attainment of coarse ap-
proximations. Lastly, the application of the Sphere Carving algo-
rithm [SLT∗25] holds significant promise in this context.

The Sphere Carving algorithm [SLT∗25] generates a point cloud
around the surface. This point cloud can be further processed to
extract a convex object that encloses the surface. Using this re-
constructed surface as a proxy enables the automatic generation of
proxy nodes. With this method, we can recursively compute a set
of convex shapes, each enclosing a sub-tree of the signed distance
tree, and then select the proxy shape that minimizes the overall cost.
The corresponding proxy node is inserted into the tree only if it de-
creases the original cost (see Figure 12).

𝑐
∗

=
 1

𝑐
∗

=
5

0
0

0

Ours Ours
Sphere
Carving

Sphere
Carving

Figure 12: Comparison of proxies obtained either manually or by
using the Sphere Carving algorithm. Brown lines are the isovalues
of the distance field away from the surface.
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5. Levels of detail nodes

We introduce levels of detail nodes that replace the function f with
a more efficient expression l. Unlike proxy nodes, whose region of
influence V does not intersect the surface of the sub-tree, levels of
detail nodes simplify the definition of the signed distance field and
yield a different surface ∂Õ. We first define continuous levels of de-
tail nodes, denoted as L, which define a continuous model for pro-
gressively interpolating between a high and low-resolution model.
We then present an efficient normal warping algorithm, embedded
in the construction tree, that allows to augment the low-resolution
model with details, at a reduced computational cost.

5.1. Continuous levels of detail nodes

The goal of these nodes is to provide a continuous and seamless
interpolation between two sub-trees depending on the argument
query point p. In general, levels of detail adapt to the distance be-
tween the viewer e and the object, denoted as d(e,p). The objective
is that the implicit surface of the object should continuously adapt
to d(e,p), rather than selecting an interpolating model according to
the distance to the center c of the object d(e,c).

𝛼 = 1
High

Sub-tree ℎ Sub-tree 𝑙

Levels L

Low
0 ≤ 𝛼 ≤ 1𝛼 = 0

ሚ𝑓 𝐩 =
1

𝜆
1 − 𝛼 𝐩 ℎ 𝐩 + 𝛼 𝐩 𝑙 𝐩

𝐩

Figure 13: Continuous levels of detail obtained by interpolating
between two signed distance field; the transition region V depends
on the view point.

Let h and l denote the signed distance field of the high and low-
resolution models respectively (Figure 13). We compute the levels
of detail function f̃ by considering the interpolation:

f̃ (p) = 1/λ

[
(1−α(p))h(p)+α(p)l(p)

]
Although the equation is the same as for proxy node, the difference
stems from the fact that the region V depends on the viewer position
and can straddle and even embed the surface ∂O.

Figure 14 displays three different levels of detail for the Tem-
ple model. We defined the medium-resolution model by removing
noise nodes, while the low-resolution model was created by replac-
ing the carved pillars with simple cylinders and removing the dec-
orations from the top of the roof.

A typical case for interpolating function consists in defining α as
a smoothly decreasing function of the distance to the viewer:

α(p) =


0 if ∥p− e∥ ≤ r
1 if ∥p− e∥ ≥ r+δr
(∥p− e∥− r)/δr otherwise

Figure 15 illustrates the continuous levels of detail on a train.
Three different functions are interpolated in this example, from a

High resolution Medium Low resolution

× 1 × 52 × 105

Figure 14: The Temple model at three different levels of detail. The
rendering of the low-resolution model is up to ×100 faster.

𝑐
∗
=

 1
𝑐
∗
=

8
0

0
0

CostContinuous L

1

2

1 2

Figure 15: Continuous levels of detail is used to progressively
transition between the different functions is a continuous way. The
transition zone is more expensive because two functions have to be
evaluated. In this illustration, the interpolation is decoupled from
the viewpoint in order to clearly highlight the LOD transition.

highly detailed model to a simplified geometry. In the transition
zone r ≤ d(p,e)≤ r+δr, the cost is higher.

5.2. Normal warping

Without computationally intensive geometric details, simplified ge-
ometry often looks smooth. A classic technique for meshes consists
in using a normal map to add surface details. This approach requires
a global or semi-global [GGLW25] parametrization of the implicit
surface.

Taking inspiration from [TW99], we introduce an inexpensive
normal warping approximation strategy adapted to the tree repre-
sentation of the object with levels of detail. The key aspect of our
approach is speed: we avoid any parametrization of the surface, and
avoid performing several steps following the gradient ∇ f .

Recall that the normal of a low level of detail implicit surface ∂Õ
with its field function f̃ is defined as ñ(p). The objective of normal
warping is to map the normal details n of a detailed signed distance
field f to the smoother signed distance field f̃ .

The strategy consists in projecting p on the surface ∂O to a new
point π(p) by following the gradient ∇ f (p) and use the warped
normal ω̃(p) ∝∇ f ◦π(p). This can be interpreted as doing a gra-
dient descent to find the closest point to the surface ∂O (see Fig-
ure 16). This gradient descent can be performed using n steps, 1
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𝐩 ሚ𝑆

𝑆

𝜋 𝐩෥𝜔 𝐩

𝐩 𝐩ሚ𝑆

𝑆

ሚ𝑆

𝑆
෥𝜔 𝐩 = ∇𝑓෥𝜔 𝐩

∇𝑓 ∇𝑓

n Steps 1 Step Direct normal warp

Figure 16: Computation of the warped normal ω̃(p): following the
gradient ∇ f to project p onto ∂O is computationally intensive and
prone to errors. Instead, we perform only one step and compute
ω̃(p)∝∇ f ◦ (p+ f (p)ñ, or even directly ω̃(p)∝∇ f (p).

step or 0 step. In some cases, following the gradient of the refer-
ence signed distance field f may lead to visible discontinuities in
the normal map. Moreover, it requires several evaluations of the
gradient ∇ f , which is computationally intensive. Our experiments
demonstrate that using only one step or even evaluating the gradi-
ent directly ∇ f (p) yields correct approximations provided ∂Õ is
not too far away from ∂O (see Figure 17).
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Exact Proxy Normal mappings

Figure 17: Normal warping on several objects, from left to right:
the reference object, the simplified object, and its augmented ver-
sion with the normal warping applied with 3, 1, and 0 steps. Notice
that the last column, despite being the simplest method, yield faster
and sometimes better results.

𝐩 𝜕 ෨𝑂

𝜕𝑂

𝜋 𝐩

𝐧

Figure 18: Penetrat-
ing normals in some ex-
treme concave settings.

In some rare cases, particularly
when the implicit surface ∂O shows
small concave parts near the surface,
the normal warping algorithm could
yield a normal ñ penetrating in-
side the surface ∂Õ (see Figure 18)
which in turn may yield shadow-
ing and refraction inconsistencies.
This case can be easily detected and
solved as follows: if n · ñ < 0, then

we use the geometric normal n (see Figure 19).

Figure 20 shows a typical example of a continuous level of detail
model with normal warping. The function f of the high-resolution
model generates the geometric cracks produced, whereas the low-
resolution model is defined using simple box function, decorated
with normal warping produced by ∇ f . The continuous levels of
detail node increases speed by a ×4.5 factor. However, this method

Without correction With correction

Figure 19: Comparison of the normal map with and without cor-
rection of the normal.

may produce artifacts if the normal map is not well aligned with
the model’s geometry (Figure 21).

𝑐
∗
=

 1
𝑐
∗
=

1
3

0
0

0× 4,5

Normal ෥𝐧Reference

Figure 20: The wall model with two levels of detail: the red region
at the center corresponds to the region of space where the interpo-
lation requires the computation of the functions of both high and
low resolution models.

Normal WarpSurface Result

Figure 21: The vase model is shown on the left, the wall model
used for the normal warp in the middle, and on the right the warped
vase, where artifacts appear due to the different topology of the two
objects.

Finally, note that defining the function to be α(p) constant, i.e.,
not depend on p, is equivalent to traditional levels of detail.

6. Results

We implemented the hierarchical construction tree model and our
algorithm in C++ and Qt. All the objects were coded in C++,
and then automatically converted into a GLSL function, directly
streamed to real-time shading and off-line global illumination ren-
dering Widgets. CPU timings were obtained on a desktop com-
puter equipped with Intel® Core i9, clocked at 3GHz with 32GB
of RAM, GPU timings were clocked on an nVidia® GeForce 4070.
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Pipes (8)

Figure 22: Some test models from our database.

Model Figure #N Speedup CPU Speedup GPU

Proxy LOD Proxy+LOD Proxy LOD Proxy+LOD

Shade sphere Figure 22, Figure 2 8 ×6.56 ×14.8 ×19.7 ×2.04 ×22.9 ×20.1

Cake Figure 22 101 ×12.5 ×1.21 ×11.8 ×2.75 ×2.85 ×4.18

Door Figure 22 175 ×20.4 ×4.86 ×51 ×1.82 ×3.2 ×6.09

Vase Figure 22 9 ×4.27 ×1.02 ×4.38 ×2.06 ×8.71 ×9.12

Stair Figure 22 244 ×34 ×11.8 ×35.5 ×12.1 ×48.8 ×75.3

Saturn Figure 22 14 ×2.46 ×10.7 ×9.08 ×2.94 ×72.9 ×58.9

Wall Figure 1, Figure 20 10 ×27.1 ×74.3 ×73.9 ×2.6 ×493 ×382

Temple Figure 22, Figure 14 63 ×5.37 ×3.23 ×6.42 ×6.86 ×24.6 ×26

Keyboard Figure 22 340 ×9.78 ×1.9 ×11 ×2.1 ×1.8 ×3.52

Castle Figure 1, Figure 26 3889 ×19.7 ×1.39 ×22.4 ×117.4 ×125 ×439.1

Pipes (8) Figure 22 3137 ×133 ×27.2 ×148 ×3.57 ×6.2 ×5.66

Pipes (150) Figure 22 63746 ×1330 ×27.1 ×1940 ×56.2 ×43.1 ×206

Pipes (500) Figure 22 174790 ×4310 ×25.2 ×5960 ×161 ×30.9 ×439

Organic Figure 22 92 ×8.35 ×1.04 ×3.51 ×1.97 ×1.5 ×2.52

Table 1: Comparison of speedups with and without optimization nodes, in CPU and GPU implementations. CPU speedup is obtained by
measuring the time needed to query samples in a box surrounding the object. GPU speedup is obtained by measuring the time needed to
render the objects on GPU using sphere tracing.

6.1. Performance

Signed distance field evaluation cost Traditionally, implicit sur-
face algorithms are designed to minimize the number of field func-
tion queries, represented as # f . However, these queries tend to be
more computationally intensive due to the increased complexity of
the construction tree T and its corresponding signed distance func-
tion f . Additionally, different primitives and operators exhibit vary-
ing performance characteristics.

Figure 23 and 24 show some primitives and operators along
with their relative costs. Notably, primitives with axes of revolu-
tion or symmetries (planar or axial) are efficient compared to more
complex geometric primitives such as tubes created by offsetting
quadric or cubic curves. Table 2 (see Appendix) reports the compu-
tational time for evaluating different primitives and operators with
107 random points taken in the bounding cube, and their relative

Box CurveCone Torus 

𝑐N = 18𝑐N = 3 𝑐N = 2𝑐N = 2

Figure 23: Example of a primitives and their relative cost.

cost. Note that all the images shown throughout the paper indicate
a color ramp for each pixel that uses this reference cost evaluation.
The sum of all costs are cumulated along the ray.

Timings Table 1 reports the average speedup we obtain using ei-
ther the proxy nodes, levels of detail nodes, and both of them. The
corresponding cost images are shown in Figure 25. In most cases,
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Difference NoiseSmooth Union Twist 

𝑐N = 36𝑐N = 2 𝑐N = 18𝑐N = 1

Figure 24: Example of a operators and their relative cost.

combining both nodes yields the best results, in both CPU and GPU
setups. When used in a realistic rendering setup with three bounc-
ing rays, the speedup is still comparable but is limitted by an in-
crease of queries near the surface.

In some cases, as shown in Table 1, it is preferable to use LOD
without proxy optimization, because the assumption made in Sec-
tion 4.1 is no longer valid. We assumed that the cost of evaluating
the proxy was negligible compared to the cost of evaluating the ob-
ject. However, in certain cases, the LOD is simple enough to be
used directly as a proxy. In such situations, the assumption breaks
down because both objects are effectively the same. When com-
bining LOD with proxy optimization, the same object is evaluated
twice, which decreases performance.

6.2. Comparison with other methods

We focus on techniques that directly process the construction tree
and that do not require an external accompanying data-structure
such as a bounding box hierarchy or an octree. Thus, we compare
our method to model-oriented approaches [MN25] and techniques
based on space-decomposition [Kee20, BSP∗25]. Moreover, even
though we are trying to simplify the initial signed distance field,
our method is not suited for signed distance reconstruction (like
[FC24]). Indeed we actually show the raw distance field and the
LOD one, both of them need to be cleaned out.

Recently, Moinet et al. [MN25] proposed a specific accelera-
tion technique improving the stepping efficiency of Sphere Tracing
for objects built from Fractional Brownian Motion (FBM)-based
noise. The method requires the analysis of the the first and second
derivatives, and interprets the cascaded sums of signals as nested
bounding volumes. While probably less efficient for the very rea-
son that we do not make as many hypotheses, our approach is more
general and can also handle objects created with noise operators
with a significant acceleration (see Figure 1 and Figure 22).

Another category of methods aims at simplifying the signed
distance field expression in prescribed regions of space. Keeters
[Kee20] relies on interval arithmetic to simplify the closed-form
expression of the function f in a restricted region of space. Bar-
bier et al. [BSP∗25] follow a similar strategy but take advantage of
1-Lipschitz property of the primitives to bound their range of val-
ues in space. Our approach is more straightforward to implement
than the interval arithmetic strategy: primitives and operators op-
erate as black boxes, and the levels of detail and proxy operators
can be directly implemented in any hierarchical construction tree
model. Compared to [BSP∗25], we do not need a two-pass eval-
uation of the tree to prune the model: our approach directly oper-
ates with standard Sphere Tracing [Har96] and variants [KSK∗14].
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Figure 25: Some models in our database, along with the color de-
piction of the reduction of the cost using proxy and levels of detail
nodes.

Moreover, our method correctly handles affine transformations and
warping nodes (see Figure 1). Note that our approach is comple-
mentary as the proxy and level of detail nodes provide sufficient
information to be, in theory, combined with tree-pruning.
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Figure 26: Closeups of some models in the large Landscape model featuring ≈ 3889 primitives. The terrain is optimized using a continuous
levels of detail operator, towers and walls use proxy nodes combined with levels of detail operators and normal warping, trees with smooth
union operators use 1-Lipschitz proxy nodes.

6.3. Limitations

Our method also has limitations. While it improves the evalua-
tion of the function f , adding nodes to the construction tree makes
the model more memory-intensive. For example, the Castle model
originally contains 3,889 nodes, which increases to 4,880 after in-
serting proxy nodes and LOD nodes. Moreover, when using au-
tomatic proxy generation, this number may rise significantly with
little benefit, as the algorithm attempts to add a proxy at every node.

For LOD and normal warping optimizations, additional memory
is required to store both the detailed tree and the LOD tree. Further-
more, in these cases, there is no automatic way to generate the LOD
nodes, which must instead be created manually. If done carelessly,
this may lead to severe artifacts (see Figure 21).

7. Conclusion

In this paper, we propose new nodes for accelerating field function
queries in complex signed distance field models constructed from
construction trees. Our method can handle complex models fea-
turing any kind of signed distance field primitives combined with
Boolean, blending, warping operators. These proxy nodes can be
inserted into the construction tree to lower the overall evaluation
cost while effectively preserving the surface details. In addition, our
levels of detail operators can simplify the surface to speed up ray-
surface intersection or polygonization and resort to normal warp-
ing for adding details during shading, a typical tradeoff between
accuracy and efficiency. Within this framework, procedural normal
mapping nodes are utilized to simulate fine details, although this
requires the storage of two sub-trees representing both high and
low-resolution models. Moreover, our approach is compatible with
other algorithms aimed at reducing the number of function calls.

Finally, there is a need for an algorithm that optimizes the overall
tree structure. A better automatic generation of proxy and levels of
detail nodes could be a potential avenue for future work, along with
the automatic balancing of the tree. Another promising direction to
explore is determining the minimal cost for a signed distance tree
by strategically adding a well-suited proxy nodes and a levels-of-
detail nodes at appropriate locations within the tree. Furthermore,
it could be beneficial to generate the proxy object and the simpli-
fied object in an optimal manner. Lastly one could try out different
interpolating function for the LOD transition.
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Appendix

Primitive cost

Table 2 report the cost (computational time) for evaluating different
primitives and operators. Timings were obtain by evaluating the
signed distance field of the node with 107 random points a cube
twice as big as the primitive. The relative cost c∗ was computed
using the half-space (plane) primitive as the reference.

Primitive c c∗ Operator c c∗

Half space 198 1 Boolean 105 0.5
Sphere 378 2 Smooth Boolean 326 1

Box 382 2 Scaling 308 1
Disc 484 2 Rotation 507 3

Capsule 496 3 Translation 166 0.8
Torus 521 3 Affine 852 4

Cylinder 683 3 Symmetry 645 3
Curve1 3775 19 Twisting 1714 9
Curve2 79845 403 Cloning 710 4

Table 2: Cost and relative cost for some primitives and operators.
1 Quadric, 2 Cubic


